GLOBAL DIMENSION OF VALUATION RINGS

BY
B. L. OSOFSKY(})

1. Introduction. Let R be a ring with identity 1. Let 9%, denote the category
of unital right R-modules. All modules will be in M.
Let M € M. A projective (injective) resolution of M is an exact sequence:

dp+1 dn dy do

@ - P, Py_y P, M——>0

60 61 52 i on+1l

* o M Qo o e On )

where, for all iZ0, P; is projective in g (Q; is injective in IMy). 2 (2) has length
n if P;=0 (Q;=0) for all i>n, otherwise it has length co. The projective (injective)
dimension of M, written pd(M) (id(M)) is defined by:

pd(M) = inf{length & | 2 a projective resolution of M};

(id(M) = inf{length 2 | 2 an injective resolution of M}).
Then
pd(M) = n <+ (VP)[kernel d, _, is projective],
(id(M) = n < (V2)[image 8" is injective]).
The right global dimension of R, gl.d(R),is given by
gl.d(R) = sup{pd(M) | M € Mz}.

The Global Dimension Theorem (Auslander [1]) enables one to look only at
dimensions of right ideals of R or of cyclic right R-modules, for

gl.d(R) = sup{pd(R/I) | I a right ideal of R}
= 0 or 1+sup{pd(7) | I a right ideal of R}.

This global dimension, defined in terms of projective resolutions of modules,
turns out to be definable also in terms of injective resolutions, for we have

gl.d(R) = sup{id(M) | M e M3}.

(See [4, p. 111].) In general, there is no analogy to the Global Dimension Theorem
in terms of injective dimensions of cyclic modules or right ideals, although if R is
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right perfect we do get one (§3). If R is right noetherian, then the global dimension
of R is the supremum of the injective dimensions of cyclic modules. Moreover, if
every cyclic R-module has injective dimension =0, then R is semisimple artinian,
so gl.d(R)=0 (see Osofsky [13]).

However, if

sup{id(R/I) | I a right ideal of R} < 1

nothing whatsoever can be said about the global dimension of R. For, by a
theorem of Matlis [10], this property is true for maximally complete valuation
rings. In §2 we show that the global dimension of a valuation ring may be any
nonnegative integer or co, depending only on the order type of the set of principal
ideals of R (hence the value group).

2. Global dimension of valuation rings. In this section, R will denote a valuation
ring. We take as our definition:

R is a valuation ring if and only if R has no zero divisors, and the lattice of right
ideals of R is linearly ordered.

REMARKS. (See Schilling [15], Chapter 1 as a general reference on valuation
rings.)

(i) Technically, we have defined “right valuation rings.” R is a valuation ring
if and only if R is a domain and both the lattice of right ideals and the lattice of
left ideals are linearly ordered. (Many authors also require R to be commutative.)
A twisted power series ring is a right valuation ring but not a valuation ring if
the twisting isomorphism is not onto. However, for convenience, we will drop the
term “right” from the phrases “right valuation ring” and “right ideal,” even
though our theorems apply to a wider class of rings than valuation rings in the
accepted sense.

(ii) Every finitely generated ideal of R is principal, and hence a free R-module.

(iii) If x, y € R, then either x~'y or y~'x € R, where inverses are taken in the
field of quotients of the Ore domain R (see Ore [12]).

(iv) The set of nonunits of R form an ideal which will be denoted by J (for
Jacobson radical).

A basic tool in calculating the global dimension of R is:

THEOREM (KAPLANSKY [8]). Let P be a projective module over a ring whose
nonunits form an ideal. Then P is free.

COROLLARY. Every projective right R-module is free.

Proof. Combine Kaplansky’s theorem with remark (iv).

The remainder of our preliminary development will concern ordered sets, for
it is the linear ordering of the ideals of R which tremendously simplifies the calcu-
lation of its global dimension.

DEerINITION. If S and T are linearly ordered sets, we say that S is cofinal in T if
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there is an order-preserving one-to-one function é: § — T such that for all t€ T,
there is an s€ S with t<¢é(s). If SST, we will assume ¢ is the inclusion map.
We say that ¢ embeds S cofinally in 7.

We set the ordinal 0= @, and identify each ordinal with the set of those ordinals
less than it.

DEFINITION. An ordinal « is called regular if it is infinite and no ordinal less than
« is cofinal in e.

NotATION. For each ordinal «, let Q, denote the first ordinal of cardinality X,.
For example, Q,=w, Q, =the first uncountable ordinal. Set Q_, =1, where —1
is considered less than any ordinal.

For any set 4, let |4| denote the cardinality of 4.

LeEMMA 1. Let S be a linearly ordered set, and let « be the first ordinal of cardi-
nality |S|. Then there exists an ordinal <o which is cofinal in S.

Proof. Let : « — S be a one-to-one correspondence (ignoring order). Set
$(0)=4(0). Assume the order-preserving, one-to-one function ¢ has been defined
for all B<y € o. If, for all s € S, there is a <y such that ¢(8)=s, then ¢ embeds
y cofinally in S. If not, define

$(y) = $(inf{3 < | $(3) > $(B) for all B < y}).

Clearly ¢ is order-preserving and one-to-one on the ordinal y+ 1.

If this process does not terminate because some ordinal y < « has been embedded
cofinally in S, then ¢y~'¢{f<a}=4A is a subset of « with |4|=|«|. Since every
ordinal <« has smaller cardinality than this, the supremum of A4 must be «
(or a—1). Let s=¢(B) € S, and let y € 4 be such that <y <a. Then y¥(y)=4¢(8)
for some 8 <ea. Since 8=y, Y(B) < y(y) by definition of ¢(8); i.e., s<#(3). Thus ¢
embeds « cofinally in S.

LEMMA 2. Any regular ordinal is of the form Q, for some «. Q, is a regular ordinal
< R, is strictly greater than any sum of less than X, sets, each of cardinality <X,.
If =0 or B+1, then Q, is regular.

Proof. The first statement is an immediate consequence of Lemma 1. For the
second, see Sierpinski [16, p. 405], or Tarski [17, p. 69]. The third statement follows
from the second. The existence or nonexistence of regular ordinals of the form Q,
where « is a limit ordinal has not been shown.

LEMMA 3. Let S be a linearly ordered set such that Q, is cofinal in S, where Q,
is a regular ordinal. If T< S is cofinal in S, then |T| 2 X,

Proof. Let ¢ embed €, cofinally in S. For each t € T, let
(1) = inf{B < Q. | $(B) > 1}.

i is defined on all of T since ¢ embeds the limit ordinal Q, cofinally in S. More-
over, [(T)| £|T|. If |T| < X,, $(T) cannot be cofinal in Q, by the regularity of Q,.
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Then sup(¥(T)) < Q,. But ¢(sup(¥(T)))=¢(¥(¢t))>t for all e T. Hence T is not
cofinal in S.
For any set A4, let &(A) denote the set of all finite subsets of 4.

LEMMA 4. Let « be a regular ordinal > Q,, B a limit ordinal <o. Let
A F(e) = F(e).

Then there exists an initial segment S <« such that
(a) B is cofinal in S.
(b) A(F)< S for all Fe §(S).

Proof. We use transfinite induction to construct a collection of initial segments
¢(y) of « for all y<B such that

(i) é(y) properly contains ¢(8) for all 6<y.

(i) If y=8+1, then ¢(y)> A(F) for all Fe F#(8)), and ¢(y) has a largest
element.

(i) 10| < al.

Set #(0)= @. Assume ¢(8) has been defined for all 8 <y. If y is a limit ordinal,
set ¢(y)=Us<y #(8). Since « is regular, (iii) holds by Lemma 2. If <y, §+1<y
so (i) holds.

If y=8+1, |¢(8)| < || implies

BGE 5 > 1601 = RO < el

Then |Uregown AF)| = Ro|F(B(8))| < e, so
p= sup[¢(8) v U A(F)] < a

Fe§(o(o)
Set ¢(y)={v<p+1}. Then (i), (ii), and (iii) clearly hold.
Set
S= U ¢@).
Y<8

S is an initial segment of « since it is a union of initial segments. The map
y — sup[é(y + 1)] embeds B cofinally in S so (a) holds. If Fe (S), there is a y<f8
such that F=¢(y). Then A(F)<S¢(y+ 1)< S so (b) holds.

We now return to our valuation ring R. Let I be an ideal of R, and set

S={xR|xel}.

S is linearly ordered by inclusion. By Lemma 1, there exists an ordinal « and an
order preserving map B — x; such that T={x;R | B<e}< S is cofinal in S.
Let x € I. Then there exists a S <« such that x;,R2xR, so I< >z, xzR. Since
xzR< I, the reverse inclusion holds and
I= 3 xR

B<a
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Also, for B<y, x4R is properly contained in x,R. Hence x; 'x; € J, the ideal of
nonunits.
Let P, be the free R-module generated by symbols

(ﬁo:ﬁl"-wﬁn) l30<ﬁ1<"'<ﬂn<a.

That is, P,=> @ (Bo, B1, - - -» Ba)R. Set P_,=1I.
Define d,: P, — P,_, by

dy(Bo) = Xgo»

n-1
duBor-- 1B = 2 (=D'Bos- - s Bacis- - s B (= 1DBy, . . ., Bu)X5; %5,
i=0
where B,_, means omit B, ;.
Our definitions of P, and d, look much like the standard combinatorial topology
definitions of an abstract complex and boundary operator. Indeed, topological
techniques carry over exactly to show:

LEMMA 5.

dn+1 dn dy do

@ .--—>P, P,_, > P, > I >0

is a projective resolution of I.
Proof. (i) Z is a complex.
dodi(Bo, B1) = do(Bo—PB1x5, xs,) = Xg, — X, X5,' X5, = 0.
Forn>1,

dysdiBor B = ducs| S (=D Bor- - Bacir- - or Bo)
i=0
VB B0,

=n—1 _ ‘i—l v
‘Zo( l)l:j_zo( 1)(ﬂ0"*wpn-ts---,pn—j’-'-’ﬂn)

+ "2 (._1)1-1(30’“-an-—j’“-aBn—b--"Bn)]

J=i+1
n-2
+(_1)n-1 Z (—1)‘(p1’ T Bn-b ceey Bﬁ)xﬁ-llxﬁo
=0

=1y (= 1)~ Byy .., Bo)xiit,
HED 3 (DB Ba o B

=0

+ (— l)n(_ 1)“‘1(529 ey ﬁn)xﬂ—zlxhxﬂ-llxﬁo'
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We observe that every term occurs twice with coefficients differing only by sign.
Hence d, _.d,=0.

(ii) Z is exact.

P is exact at I since [=5., XzR.

Let >y (Bios -5 Bin)ri€ P, for n20, and let B be greater than B, , for all i.
If n=—1, let r € x;R. Define

[2 Bi05 - - - Bf,n)r,] xfB = 2 Bios - - » Bins BIFss
rxB = B)x;'r.

Then *8 is a monomorphism from 3 <5 (8o, ..., BR)R— Py.y (O XzR — P).
We observe that

dn+1[(ﬁO’ sy :311) *B]=(BO’ sy ﬂn)—[dn(ﬂo’ .. "ﬁn)] *B

for all n=0.
Now let p=>1, (Bio,- - -» Bin)ri € kernel d,, and let B=max{B;,| 1<i<m}.
Then p=p’+p” * B where p’ € 345 <5 (Bo, ..., Bs)R and p” € P,_,. Then

P—bnsi(p' % B) = p'+p" * B—[p'—(du(p")) * ]
= (p"+du(p)) *B.
Since # is a complex, d,(p—d,.1(p’ * B))=0 so
P"+du(p) = [dn-1(p" +d(pP'D]*B =0 if n >0,
xgxz }(p"+d(p) =0 if n=0.

If n=0, p"+d,(p)=0 since x,x; 1 =1.

If n>0, distinct n-tuples in P,_, are independent, and no n-tuple in p” +d,(p")
involves B, so p” +d,(p")=0. Hence p=d, . ,(p’ * B). Note that it was not necessary
to involve new ordinals in the element whose boundary is p; all occur in p.

We now have the projective resolution & of I which we can use to calculate the
projective dimension of I.

We note:

(i) pd(/)=n+1 < kernel d,=image d, ., is projective for all m=n. (See [4, p.
110].)

(ii) If y is cofinal in «, then y is cofinal in S and we may use it, rather than «, to
calculate pd([).

(iii) Let y<Q, for n€ w. If n>0, by Lemma 1, some ordinal £Q,_, is cofinal
iny. If n=0, Q_, is cofinal in y.

(iv) Q, is cofinal in S if and only if I has a generating set consisting of N,
elements, and no set of fewer elements generates I.

LeEMMA 6. Q_, is cofinal in S < pd(1)=0.
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Proof. pd(I)=0 < I is projective < I has a free basis containing an element y
<> for some y, no xzR properly contains yR <> I is principal < 1=Q_, is cofinal
in S.

LEMMA 7. Let n20. Assume for all y<«, du(24, <y (Bos - - -, Bs)R) is projective.
Then d, , (P, 1) is projective.

Proof. We define, for each y<«, a set T, such that:

(a) For B<y, T;<T,. '

(b) T, is a free basis for d,.1[>4,,,5y (Bos - - -5 Ba+1)R].

Set To=@. Assume T; has been defined for all B<y. By hypothesis,
du[25, <y Bos - - -» Bn)R] is projective. By the corollary to Kaplansky’s theorem,
it has a free basis, say {d.p; | pi € 25,<y (Bo, - . ., B)R}. Set

T, = U TV ldars(pi )
Clearly (a) holds.
Let 37y 1,8+ 2k =1 dnsa(py, * ¥)rn=0, where {t} <\ Js<, T5. Then

hzl (dn(l’i,.) *y)r, =0,

since these are the only (n+ 1)-tuples involving y. Thus 3%., (d.(p;,))r»=0, and
by the independence of {d,(p))}, r,=0 for all h, 1<h<k. Since {t,| 1<j<m} is
finite, there is a B <y such that {¢,} = T}. Since T} consists of independent elements,
s;=0 for all 1<j<m. Hence T, consists of independent elements.

Let pe dn+1[ZBn+1§7 (Bos - - -» Ba+1)R]. Then p=d, ,,(q * y) for some

qe Z (ﬂo,--wﬁﬂ)R'

Bn<v

Since {d,(p))} spans du[24, <, (Bo, - - -, Bw)R], du(@)=23%-1 du(py,)rs- Then

k

t=p— 2 ldurs@y * VI = 4= [d@]+y

h=1
k k K

- r,+ d, r.)xy =q— r
7;21 Dy, Th th [du(p )l xy = q gl Di,Th

is in dp41[24,,,58 Bos - - -» Ba+1)R] for some B<y. Then ¢ is a sum of elements in
T;, and T, spans dy+1(25,,,5y (Bos - - -5 Ba+1)R). Thus (b) holds.

Set
T=UT,

y<a

Since any finite set of elements in dy.1(Pn.q) is in dpy1(Zs,, 59 Bos - - -5 Ba)R)
for some y < o, and T, is a free basis for this set, T'must be a free basis for d,, . ;(Py + 1),
which is therefore projective.

LeMMA 8. Let y<a, n21. Then d,[24,. <, (Bo, ..., Bn)R] is a direct summand
of du(Py).
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Proof. Let p € d,(P,). Then
P = dy(p1*¥)+dn(p2 * B)

where p, is the sum of those terms in p with last coordinate <y, and each n—1
tuple in p, ends with an ordinal =y. Consider the map

7 p—>dn(p1* 7).

m is a composition of three R-homomorphisms—a projection in P,_, followed
by *y followed by d,. Thus = is an R-homomorphism. Moreover, 7%=, so 7 is a
projection onto

range 7 = d,‘(ﬂéy Bos - - -5 B,.)R).
Then
d(P,) = d,,( > Bor---s B,,)R) @ kernel .

BasY

LEMMA 9. Let n2 1, and assume d,(P,) is projective. If, for y <,

d,,(ﬂg Bos - - -» ﬁn)R)

n<?Y
is a direct summand of d,(P,), then dn_(Zs, , <y (Bo, - - -» Ba-1)R) is projective.
Proof. Let

Bn<v

du(Py) = d,.( > Bor-- s ﬁn)R) @M,
and let = be the projection of Lemma 8. Then

range 7 = d,.( Z Bos - - -» B,.)R) @ M N range =
Bn<v
and M N range = is a direct summand of a projective module; hence projective.
By the corollary to Kaplansky’s theorem, it has a free basis. Such a basis must be
of the form {d,(p;*y) | pi€ 24, _, <y (Bo, .- -» Bn-0)R}. We claim {d,_,(p)} is a
free basis for d,_ 134, _, <y (Bos - - -» Bn-1)R).
Let %1 dy-1(p,)rn=0. Then

k K K
z du(ps,, * V)1 = Z Py Tn— [Z dn-1(Pfh)’n] *y€ Z (Bo, .., BRNM = 0.
k=1 K=1 h=1 Bn<7

n <

By the independence of {d,(p; * )}, r,=0 for all h, 1=h<k. Thus {d,_,(p)} is
independent.
Letge s, ,<y(Bo---»Ba-1)R. Then

dy(q * y) € image = = d,,( > Bor-os B,.)R) +image 7 N M.
B

n<?
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Hence d,.(q * 'y) =q,+ dn(¢12 * '}’) where q.€ dn(Zﬂu <7 (ﬁo, sy Bn)R) and dn(q2 * 7’) EM.
dy(q *v)=q—(dn-1(9)) * y=¢1+92—(dr-1(q2)) * v 50 dy_1(q)=dr-1(q2).
Since {d,(ps*+y)} spans image = N M,

k
ga—[dn-1(g2)] ¥y = du(ga*y) = 2 dy(pi, * V)

K k
= ry— d,_ rn| * vy,
hzl Dy, Th [hzl 1(Ps,.) h] Y

80 dy_1(q)=dn_1(g2) =2k -1 dn_1(ps,)r, and {d, _1(p))} spans
dn—l[ﬁ z (pO’ ceey ﬁn-l)R]-

n-1<7
THEOREM A. For n2 —1, pd(I)=n+1 if and only if Q, is cofinal in
S ={xR|xel}.

Proof. We use induction on n. The basis of this induction is Lemma 6. Now
assume the theorem is true for all k<n.

If Q,., is cofinal in S, we may take =, in the construction of Z. Then
for all y<e, pd(Cs<, xs;R)<n+1 by the induction hypothesis, since Lemma 1
implies that some ordinal of the form Q, for k=n is cofinal in y. Then
dn+1[26,,,<y Bos - - -» Ba+ )R] is projective by remark (i) preceding Lemma 6.
Hence d, . (P, .2) is projective by Lemma 7, so pd(/)<n+2. By Lemma 2, Q,,,
is regular so, for k<n, Q, cannot be cofinal in S by Lemma 3. By the induction
hypothesis, pd(I)>n+ 1. Hence pd(I)=n+2.

Now let pd(I)=n+2, and let o be the smallest ordinal cofinal in S. Then « is
regular. By the induction hypothesis and Lemma 2, a>Q,. Assume a>Q,,;.
Let {y; | i € #} be a free basis for image d, .. Such a basis exists by the corollary
to Kaplansky’s theorem. Let Fe $(x). For Bo<fi<:::<Bpia {B}SF, let
dni3(Bos - - -5 Brs2)=27=1 yiri. Define A({B,|0sjsn+2})={8<e|for some i, y,
has nonzero projection on an n+2 tuple in which the ordinal & appears},

A(F) = U A{BD-

{Bs10sjsn+2)cF

Then A(F) is finite.
By Lemma 4, there is an ordinal y<e« such that Q,,, is cofinal in y and
A: F(y) = F(v). Then

dnso(Posa) = d( > Bor--- BM)R) @D R,
Bn+2<?

where the latter sum is taken over all y, involving a coordinate =y. By Lemma 9,

dn+ 1(2ﬁn+1 <7 (ﬁo’ R ] Bn-l- I)R) is projective, SO pd(20< b4 YOR) s=n+ L. By the in-

duction hypothesis, there is a k <z such that Q, is cofinal in y, contradicting Lemma

3. Hence =Q,, , ;.
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COROLLARY 1. If [{xR | x € R}|=R,, then gl.d(R)Sn+2.

Proof. Lemma 1 implies that, for any ideal J, there is an ordinal «=Q,, ¢ < Q,,
such that « is cofinal in the set of principal subideals of 1. By Theorem A, pd(l)
=n+1. By the Global Dimension Theorem, gl.d(R)<n+2.

We note that nothing further can be said, even in the case that n=0, for a
discrete, rank one valuation ring has global dimension 1; a discrete, rank 2 valua-
tion ring has global dimension 2.

COROLLARY 2. Let n be any nonnegative integer or . Then there exists a valuation
ring with global dimension n.

Proof. If n=0, any field will do. If n=1, any discrete, rank one valuation ring
will do. Now assume 2=<n<oo. Let I" be the additive group of all step functions
from Q,_, to Z=the additive group of integers; that is, fe I' < there exist
O=yp<y1< - <Ym<¥Ym+1= 2, _5 such that

S(y) = f(y)) for all y such that y, £ ¥ < yi41.

Then |T|=|{{y| 1Sism<o}<Q,_ 5}, |Z|=R,_Ro=R,_;. Order T lexico-
graphically. For y<Q, _,, let e(y) € I" be the characteristic function of

Bly=B< Q-3

Let R be the ring of all power series in a symbol “ X with exponents well
ordered sequences in I'. (See Schilling [15, p. 23].) Then R is a valuation ring,
and its set of principal ideals is order isomorphic to upper cuts in I'*. By Corollary
1, gl.d(R)=n. By Theorem A, pd(3,<q,_, X*”R)=n—1. Hence gl.d(R)=2n. We
conclude gl.d(R)=n.

If n=00, consider the ordered group of step functions from Q, ., to Z and pro-
ceed as above. Then, by Theorem A, pd(3,<q,,, X*”R)=c0 since Q, is not
cofinal in Q, ., for any n< w. Thus gl.d(R)=c0.

Lemma 10 (MATLIS [10, p. 60]). Let R be a (commutative) valuation ring with
quotient field Q. Then R is almost maximal if and only if QR is an injective R-
module. In this case, QI is an indecomposable, .injective R-module for every ideal
Iof R

COROLLARY 3. Let 1=n=co. Then there exists a valuation ring R such that
sup{id(Z) | I a right ideal of R}=sup{id(R/I)|I a right ideal of R}=1, and
gl.d(R)=n.

Proof. Assume R is almost maximal. Then, for any ideal I of R,
0->I—->Q—->Q[[—-0 (0—R/I—Q/I—Q/R—>0)

is an injective resolution of I (R/I) by Lemma 10. Hence id(/)=1 (=id(R/I)) if
I#0 (I#R). The rings constructed in Corollary 2 were maximal, hence almost
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maximal, for n= 2. Hence the ring R may have any global dimension, even though
the supremum of the global dimensions of its cyclic modules and of its ideals <1.

In the proof of Theorem A, we need only the following conditions on R and I:

(i) Every projective R-module is free.

(ii) Foralliel,reR, ir=0<i=0 or r=0.

(iii) 7=UJp<q xsR, where x,R> x,R for all B> y.
Thus Theorem A is true for any ring R and module 7 having these properties.
In particular, if R is a two-sided valuation ring, Theorem A applies to any fractional
ideal (R-submodule) of the quotient field Q of R. Then pd(Qz)<n+1 < Qp is
generated by some set of cardinality <X,. For the case n=0, this was noted by
Kaplansky. (See Matlis [11, p. 386].) In [9], Kaplansky shows that any commutative
domain with a unique maximal ideal has pd(Q) <1 < Q is countably generated.
It would be interesting to know what modifications of Kaplansky’s hypotheses
imply pd(Q)Sn+1 < Q is X, -generated.

3. Global dimension of right perfect rings. By Corollary 3 to Theorem A, one
cannot generalize the Global Dimension Theorem to a statement about injective
dimensions of ideals or cyclics for an arbitrary ring R. However, if R is right
perfect, it is possible to prove an injective global dimension theorem.

DErFINITION. We say that a module M is B-projective for B e My if for
every exact sequence u: B— C — 0, and every fe Hom, (M, C), there is a
g € Homy (M, B) such that pg=f.

DEFINITION. A ring R is right perfect if every right R-module has a projective
cover. (See Bass [2].)

THEOREM (SANDOMIERSKI). Let M’ — M — 0 be a projective cover of M € M.
If M is Bi-projective for all B, i € #, then M is Y.+ B-projective.

Proof. This is a combination of Theorems 4.4 and 4.1 in Sandomierski [14].

COROLLARY. If R is right perfect, then M € My is R-projective if and only if M
is projective.

Proof. If M is projective, then it is B-projective for all B e M.

Now assume M is R-projective. Since M has a projective cover, by Sandomierski’s
theorem, M is F-projective for any free module F. Since there exists a free module
F and an epimorphism pu: F— M, there is a map =: M — F such that ur=1,,
the identity map of M. Then M is a direct summand of F and so projective.

Thus, for right perfect rings R, Ry is a test module for projectivity. We now
parallel the steps used to prove the Global Dimension Theorem, using injective,
rather than projective dimension, and dualizing other notions.

LemMA 11. The following conditions are equivalent for the right perfect ring R:
(i) P is a projective R-module.
(ii) Ext! (P, I)=0 for all right ideals I of R.
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Proof. (i) = (ii) is well known. (See for example, Jans [7, p. 45].)
(ii) = (i). The exact sequence 0 — I — R — R/I — 0 induces an exact sequence

0 — Homg (P, I) - Homg (P, R) — Homg (P, R/I) — Ext* (P, I) — - - -.

If, for all I, Ext! (P, I)=0, this states that P is R-projective. By the corollary to
Sandomierski’s theorem, P is projective.

LEMMA 12. The following are equivalent for the right perfect ring R and M € My:

@) pd(M)=n.

(ii) Ext**! (M, I)=0 for all right ideals I.

Proof. (i) = (ii). Ext*** (M, )=0 is well known. (See Jans [7, p. 48].)

(ii) = (). If & is a projective resolution for M, then for any module N,
Ext**! (M, N)~ Ext! (image d,, N). (See [7, p. 47].) Then, for all right ideals I,
Ext*+1 (M, I)=0 <> Ext! (image d,, I)=0 <> image d, is projective <> pd(M)<n.

LeEMMA 13. Let R be a right perfect ring with Jacobson radical J. Then
gl.d(R) = id(R/J).
Proof. This is an immediate consequence of Eilenberg [5, Theorem 12].
THEOREM B. Let R be a right perfect ring. Then
sup{id(Z) | I a right ideal of R} = gl.d(R) = sup{id(R/I) | I a right ideal of R}.

Proof. By Lemma 13, the second equality holds.

Let sup{id(7) | I a right ideal of R}=n. If n=co, we are done. If not, for every I,
Ext**! (, I) is the zero functor. By Lemma 12, for every M € M, pd(M)=n,
so gl.d(R) =n. Clearly gl.d(R)=n, so gl.d(R)=n.

We note that, for M € M, the exact sequence

0—>J—>R—>RJ—>0
induces an exact sequence
.-+ = Ext™ (M, J) — Ext™ (M, R) — Ext™ (M, R/J) — Ext"+*! (M, J) —- - -.

If gl.d(R)=n<oo, by Lemma 13 there exists an M such that Ext" (M, R/J)+#0.
Since Ext**+! (M, J)=0, Ext* (M, R)#0, so id(R)2n. Then id(R)=n.

Although Ry need not be a test module for projectivity for Noetherian rings,
we can prove a global dimension theorem for Noetherian rings comparable to
Theorem B.

LeMMA 14. For any ring R, sup{id(R/I) | I a right ideal}=sup{id(M) | M is a
finitely generated right R-module}.

Proof. We use induction on the number of generators of M. Let sup{id(R/I)}=n.
If n=00, we are done. Hence assume n<oo. If M is generated by 1 element, then
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M is isomorphic to R/I for some right ideal I, so id(M) <n. Now assuine that M
generated by k elements implies id(M)<n. Let M'=3¥*! x,R. The sequence
k
0>N= > xR—>M->x.:1R/x ., ;RON=P—0

i=1
is exact and induces an exact sequence
.-+ = Ext"*1 (4, N) - Ext**! (4, M) — Ext"*! (4, P) — - - -

for all 4 e M. Ext**1(, N)=0 by the induction hypothesis, Ext***( , P)=0
since P is cyclic. Hence Ext"*! ( , M)=0, so id(M)=n. Thus sup{id(M) | M is
finitely generated} <n.

The reverse inequality is obvious, so the lemma follows.

LeMMA 15. If R is right Noetherian, then a direct limit of modules of injective
dimension = n has injective dimension <n.

Proof. See Bass [3, p. 19].

LEMMA 16. If R is right Noetherian, and if id(R) and the finitistic injective dimen-
sion of R are both finite, then they are equal.

Proof. See Bass [3, p. 24].

THEOREM C. If R is right Noetherian, then sup{id(R/I) | I a right ideal of R}
=gl.d(R)=sup{id(J) | I a right ideal of R}.

Proof. Let sup{id(R/I)}=n. By Lemma 14, n=sup{id(M) | M is finitely gener-
ated}. Since any module is the direct limit of its finitely generated submodules,
by Lemma 15, id (M) <n for any module M. Hence gl.d(R) =n. Clearly gl.d(R)2n,
so gl.d(R)=n.

If gl.d(R) <o, by Lemma 16, gl.d(R)=id(R) <sup{id() | I a right ideal of R}
since R is a right ideal of itself. Since the reverse inequality is clear, gl.d(R)
=sup{id(Z) | I a right ideal of R}.

If gl.d(R) =00, and sup{id (/) | I a right ideal of R}=m is finite, the exact sequence
0 — I— R — R/I — 0 involves two modules, I and R, of injective dimension <m.
Hence id(R/I) <m+ 1 by the induced exact sequence of Ext. But, by the first part of
the theorem, this implies gl.d(R)<m+1, a contradiction. Thus

gl.d(R) = sup{id(Z) | I a right ideal of R} = oo.
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